ON WEAKLY COUNTABLY DETERMINED BANACH SPACES SOPHOCLES MERCOURAKIS
ABSTRACT. For a topological space X, let Ci(X) denote the Banach space of all bounded functions /: X -► R such that for every e > 0 the set {x € X: \f{x)\ > e} is closed and discrete in X, endowed with the supremum norm.
The main theorem is the following: Let L be a weakly countably determined subset of a Banach space; then there exist a subset E' of the Baire space E, a compact space K, and a bounded linear one-to-one operator T:C(L) -» Ci(E' X K) that is pointwise to pointwise continuous. In the case where L is weakly analytic, E' can be replaced by E. This theorem is connected with the basic result of Amir-Lindenstrauss on WCG Banach spaces and has corresponding consequences such as: the representation of Gulko (resp. Talagrand) compact spaces as pointwise compact subsets of Ci(E' x K) (resp. Ci(E x K)) (a compact space f! is called Gulko or Talagrand compact if C(O) is WCD or a weakly K-analytic Banach space); the characterization of WCD (resp. weakly K-analytic)
Banach spaces E, using one-to-one operators from E* into Ci(E' x K) (resp. Ci(E x K)); and the existence of equivalent "good" norms on E and E* simultaneously.
Introduction.
The purpose of the present paper is the study of K-analytic and, more generally, countably determined Banach spaces in the weak topology. As Talagrand proved in [21] the well-known class of weakly compactly generated (WCG) Banach spaces consists of weakly K-analytic spaces. Moreover, Talagrand proved that these classes of Banach spaces are distinct [21, 23] .
The classical Banach space Co(r) = {f:T -> R: for every e > 0 the set {"/ € T: 1/(7)1 > e} is finite} has a basic role for the structure of weakly compact subsets of Banach spaces, in view of the classical theorem of Amir-Lindenstrauss [1] : if E is a WCG Banach space, then there exist a set T and a bounded linear one-toone operator T from E into Co(r). It is an immediate consequence of this result that every weakly compact subset of a Banach space is homeomorphic to a weakly compact subset of Cb(r).
The proof of the Amir-Lindenstrauss (abbreviated A-L) Theorem relies on the method of "long" sequences of projections of Banach spaces, which is a compactness argument.
Vasak [24] and Gulko [9] working independently, extended the method of projections of A-L to the wider class of weakly countably determined Banach spaces (WCD). Especially Gulko replaced the (functional) projections of Banach spaces by (topological) retractions of compact spaces.
The works of Vasak and Gulko leave open the following question: is there an A-L type theorem for WCD spaces? In this paper we answer affirmatively this question by introducing a new class of spaces corresponding to the spaces Cb(r). DEFINITION 1.1. Let X be a topological space. We set Cx {X) = {/: X -> R: / is bounded and for every e > 0 the set {t e X: \f(t)\ > s} is closed and discrete in X}. It is clear that Ci(X) is a Banach space, being a closed linear subspace of l°°(X).
We notice that (a) For a subset A of X, A is closed and discrete in X if and only if A', the derived set of A, is empty, (b) C0{X) C Cx(X), and if / e Ci{X) then /|n G C0(X) for all compact subsets 0 of X, and (c) if A is compact (resp. closed and discrete) in X, then Co{A) (resp. l°°(A)) is a complemented subspace of Ci(X). In particular, if X is compact (resp. discrete) then Ci(X) = C0(X) (resp. C,(X) = 1°°{X)).
(d) If X is Lindelof then it is easy to see that for every / G C"i(X) the set {t € X: f(t) / 0} is at most countable (see also Lemma 4.10) .
In §1 we study the pointwise compact subsets of the space Cx (X) for a countably determined or a K-analytic topological space X. The main result (Theorem 1.2) is that if X is countably determined (resp. K-analytic) then every pointwise compact subset of Ci(X) is Gulko (resp. Talagrand compact); see Definition 0.3. In §2 we prove an A-L type theorem which is the main result of the paper. THEOREM 2.5. Let L be a weakly countably determined subset of a Banach space E and a the least cardinal such that d(L) < 2a. Then there exists a nonempty subset E' o/E and a bounded linear one-to-one operator T: C(L) -> Ci(E'x{0,1}Q) that is pointwise to pointwise continuous. Further when L is weakly K-analytic the set E' can be chosen to be E. This result, which is fundamental for WCD and weakly K-analytic Banach spaces (as will be clear from its applications in § §3 and 4), is obtained by improving and strengthening the techniques of Gulko §4 contains functional analytic consequences of Theorem 2.5: namely we characterize WCD and weakly K-analytic Banach spaces E using the set-theoretic ordering of compact subsets of a separable metric space and operators from E* into spaces of the form C\ (X) for countably determined or K-analytic topological spaces X (Theorems 4.1 and 4.2). We prove that the fundamental geometric property of strict convexity of Co(r) [7] is preserved by Ci(X) where X is countably determined (Theorem 4.5). Finally we strengthen a renorming theorem of Vasak [24] proving that every WCD Banach space admits an equivalent locally uniformly convex and smooth norm whose dual norm is strictly convex (Theorem 4.8).
Preliminaries.
By the term space we mean a Hausdorff completely regular topological space.
For a space X, w(X), d(X) and K(X) denote the (topological) weight, the density character and the set of nonempty compact subsets of X.
If X is a space, C(X) is the Banach space of continuous bounded real-valued functions on X with supremum norm. The pointwise topology on C(X) is determined by the requirement: a net [fi)iei m C(X) converges in the pointwise topology to some / G C(X) if lim fi(x) = f(x) for all x G X.
For every metric space (M, d) we define the Hausdorff metric du on K(M) [8, problem 4.5.22] as follows:
It is proved that if (M, d) is complete (resp. separable or compact) then (K(M), da) is complete (resp. separable or compact) (see [8, problems 4.5.22(d) , 2.7.20(b) and 3.12.26(a)]). It can also be proved that if K is a compact subset of K{M) then the set U{U: fi G K} is a compact subset of M [5, Theorem 3.1]. We denote by E = ww the set of infinite sequences of natural numbers (where w denotes the set of natural numbers), endowed with the product topology. As is well known, E is a Polish space (that is, homeomorphic to a complete separable metric space), and every Polish space is a continuous image of E [17, Corollary 2.4.3] . For every p, a G E, we define o < p if <r(n) < p(n) for all n G u. It is clear that for every p G E the set E(/>) = {o G E: a < p} is a compact subset of E.
S denotes the set of finite sequences of natural numbers. For s G S we denote by \s\ the length (i.e. the domain) of s. For s G S and a G E (resp. t G S with \t\ > \s\) we write s < o (resp. s < t) if s is equal to the first |s| terms of the sequence a (resp. t). If o G E and n G w, a\n denotes the finite sequence of the first n terms of o.
For two spaces X, Y a mapping /: X -► K{Y) is said to be upper semicontinuous (usco) [17, 21] , if for every x G X and every open set V of Y containing f{x) the set {z G X:f(z) C V} is a neighborhood of x. It is easy to see that for every compact subset K of X the set /(K) = \J{f(x): x G K} is a compact subset of V. PROPOSITION 0.1 [21] . Let K be a compact space and A C K. Then the following are equivalent.
(a) There exists a sequence (An) of compact subsets of K, such that for every x & A, there exists a subset DCu such that x G Hneo ^n -^( b) There exist a family (Bs)s€s of compact subsets of K and a subset E' C E such that A = Uct€s' Ds«t b»-(c) There exist a subset E' C E and an usco mapping /: E' -► K(A) such that /(£') = U"€S</(*) = ( d) A is a continuous image of a closed subset of some space of the form E' x K where E' C E.
If a space A satisfies some of the above equivalent conditions in a compact space K that contains A homeomorphically then A is said to be countably determined. Conditions (b), (c) and (d) remain equivalent if E' is replaced by E. A is said to be K-analytic if some of the conditions (b), (c), (d) are satisfied for E' = E. It is clear that every K-analytic space is countably determined.
We note that (see [17 and 21] ) every countably determined space is Lindelof, and that the class of these spaces is closed under continuous images, closed subsets, countable products, intersections, and unions. The same is true for the class of K-analytic spaces. DEFINITION 0.2 [7, 21, 24] . A (real) Banach space E is said to be (a) weakly compactly generated (WCG) if it contains a weakly compact total subset, (b) weakly K-analytic (resp. weakly countably determined-WCD) if E in its weak topology is K-analytic (resp. countably determined).
It follows that every weakly K-analytic Banach space is WCD.
M M. Talagrand has constructed a Talagrand compact space that is not an Eberlein compact [21] , and a Gulko compact that is not a Talagrand compact [23] .
S. P. Gulko [9] has proved that every Gulko compact space is a Corson compact space.
For the theory of WCG, weakly K-analytic and WCD Banach spaces we refer to [7, 16, 21 and 24] .
Given a set T, Z°°(r) is the Banach space of all bounded real valued functions defined on T under the supremum norm; Co(r) denotes the (closed linear) subspace of Z°°(r) consisting of all / such that for every e > 0 there exists a finite subset Fe of T with |/(-y)| < e for all 7 g Fs.
The ordinals are defined in such a way that an ordinal is the set of smaller ordinals. A cardinal is an ordinal not in one-to-one correspondence with any smaller ordinal. The least cardinal strictly greater than a is denoted by a+. The cardinality of a set A is denoted by |j4| and the cardinality of the family P(A) of all subsets of .4 by 2lAL
In most cases, the notation and terminology are from [16, 21, 14 and 2].
1. The Banach space Ci(X). In this section we introduce the class of Banach spaces of the form Ci(X), where X is a space, and study their pointwise compact subsets when X is countably determined.
We shall prove the following THEOREM 1.2. If X is a countably determined (resp. K-analytic ) space, then every pointwise compact subset of Cx (X) is Gulko compact (resp. Talagrand compact).
For the proof we introduce two classes of spaces F°° and D°° (Definition 1.3) and prove some of their properties (Lemmas 1.4-1.6). (ii) Let X be a topological space and 00 a point not in X. We define the topological space D°°(X) as the space X U {00} endowed with the following topology: each point in X is isolated, while a neighborhood base for 00 consists of the sets (X\A) U {00}, where A is closed and discrete in X.
It is clear that F°° (M) and D°° (X) are completely regular and Hausdorff and that the sets r^ U {00} are compact in F°°(M). Then there exists a neighborhood U\ oiyo in K such that 00 G' Ux-Let {nk'. k G w} be an enumeration of N. We shall construct inductively a nontrivial sequence {yk} in Ux and a sequence {Ak} in K(M) such that yk G TAk and Ak G Vnk.
Since j/o G Bni there exists Ax G Vni such that Ux n Tax ^ 0; choose yi G Ux f~l r^j. Now j/o / 2/i > so pick a neighborhood t/2 C f/i of 2/0 in K such that yi ^ f/2-Since 2/0 G S"2 there exists A2 G V"2 such that U2 n r^2 ^ 0; choose 2/2 G t/2 H Ta2 and proceed in the same way.
It should be noted that the sequence {Vnk:k G w} is a neighborhood base for Indeed, oo is an isolated point of F°C(M), so F°°(M) is a countably determined (and hence Lindelof) discrete space, and thus the conclusion follows. LEMMA 1.5. If X is countably determined (resp. K-analytic) then D°°(X) is countably determined (resp. K-analytic).
PROOF. Assume that X is countably determined and let <j>: M -> K(X) be usco and onto (see Proposition 0.1) where M is a separable metric space. Consider the space F°°(M) of Definition 1.3, where TK = <t>(K), K G K(M). Then X = \J{TK:K G K(M)} and it is easy to see that the "identity" /^^(M) -> D°°(X) is continuous. Thus D°°(X) is countably determined. The K-analytic case is similar (setting M = E). LEMMA 1.6. For every space X, there exists a linear isometry T:Cx(X) -> C(D°°(X)) that is continuous for the topology of pointwise convergence.
PROOF. We define T:Ci(X) -> C(D°°(X)) by r(/)(*) = {^(')' Hit, forevery/£Ci(x).
It is easy to see that T has the desired properties. PROOF OF THEOREM 1.2. Talagrand proved that every pointwise compact subset of C(Y), where Y is countably determined (resp. K-analytic), is Gulko compact (resp. Talagrand compact) (Theorem 3.7 of [21]). Thus the proof follows immediately from Lemmas 1.4-1.6.
As consequences of Theorem 1. 
PROOF. We define H: 0 -> Cx(F°°(M)) by
It is easy to see that H is continuous when Cx(F°° (M)) is endowed with the topology of pointwise convergence. Thus the result follows from Lemma 1.4 and Theorem 1.2 (see also Definition 1.1(d)). 
The main theorem.
The content of this section is the proof of Theorem 2.5 (see Introduction); its consequences are examined in the next two sections.
We shall denote by K a compact Hausdorff space. The topological concepts involved (closure, density, continuity, etc.) in C(K) are always considered in the pointwise topology of C(K). We shall refer frequently to the fundamental paper of Gulko [9] , to the survey paper of Negrepontis [16, §6] , and also to the basic paper Here we use the notation: x\L: L -> R to mean (x|L)(/) = /(x) for / G L. REMARK. The above two Definitions and Lemma 2.1 are due to Gulko [9] (see also [16, Definitions 6.11, 6.13 and Lemma 6.12]). We include them here, because they are useful in the sequel. Lemmas 2.2 and 2.4 are fundamental for the proof of Theorem 2.5 and improve corresponding lemmas of Gulko [9] (see [16, Lemmas 6.19, 6.22] ). First we need some preliminaries.
Let K be a Gulko compact and L a countably determined subspace of the closed unit ball of C(K) for the pointwise topology which separates the points of K [21, For every A G AT(E') we define in the space K an equivalence relation Ra as follows:
x RA y iff f{x) = fiy) for all / G LA.
Let Ka = K/Ra be the quotient space and tta'-K -> Ka the natural map. We endow the space Ka with the quotient topology, that is, U C Ka is open if and only if 7T^1(J7) is open in K, and we notice that -ka becomes a continuous open map and Ka a compact Hausdorff space. We also notice that Ka is an Eberlein compact, since La is a pointwise compact subset of CiK) which separates points of Ka.
Part (a) of the following lemma is due to Gulko [9] (see also [16, Lemma 6.19] ). We include the proof because it is needed for parts (b) and (c). If x G K and A G iC(E'), [x]A will denote the equivalence class of x with respect to Ra- (2) Pf C P* and QACQA for u <£<<;< t.
(3) // £ is a /irra'Z ordinal,' ui < £ < t, then P^ = c\ka (\Jn<iBn) ana" QA = cuA(u»<€<#). PROOF. The main tool of the proof of (a) is Lemma 2.2(a) and is due to Gulko [9] (see [16, Lemma 6.22] ). PROOF OF THEOREM 2.5. We distinguish two cases. Case 1. The set L is bounded.
We set K = By* with the weak* topology, where F is the closed linear span of L in E, so F is a WCD Banach space and K a Gulko compact space by Theorem 3.6 of [21]. Since F is naturally embedded in CiK), L is a countably determined subset of CiK) for the pointwise topology and separates points of K. It is clear that we can assume without loss of generality that L is contained in the closed unit ball of CiK). In the case where L is weakly K-analytic it follows immediately from Lemma 2.2 and the comments before it that E' can be replaced by E.
The proof of the theorem is thus complete.
Topological consequences.
We now come to some consequences of Theorems 2.5 and 1.2. (c) fi is homeomorphically embedded in Ci (F) endowed with the pointwise topology, for some countably determined space Y.
PROOF. (a)=>(b)
We have that C(fi) is WCD. By Theorem'2.5 there is a one-to-one operator T: C(C(fi)) -> Ci(E' x {0,1}Q) that is pointwise to pointwise continuous. Since fi is homeomorphic to a pointwise compact subset of C(C(fi)), (b) follows. (c) fi is homeomorphically embedded in Ci(F) endowed with pointwise topology, for some K-analytic space Y.
The following theorem is similar to Rosenthal's characterization of Eberlein compact spaces [19] . Before we formulate it, recall that, if J is a family of subsets of a set X then we say that The family 5J is point-finite. Indeed, suppose that there is some k G fi belonging to infinitely many members of 7A. Then there exists j and a sequence (7;);<u, of distinct points of FA, such that fc G fli^i ^ • From (1) we have that |7r^(fc)| > 1/n for all i < co, which is absurd since (-7i)J<Ui Q FA and by Set / = U{^a: A e)C(ux E')}. As in the remark following Lemma 1.4, we see that 7 is point-countable.
It remains to prove that the family 7 separates the points of fi. Let x, 2/ be distinct points of fi. Then there is 7 such that 7r-,(x) / ^(2/), say 71^(x) < n-yiy) and 71^(2/) > 0. Then there is n < w such that 7r-,(?/) > 1/n and 7r^(2/) -7r-,(x) > 2/n. Therefore for some j with 3 < j < n + 1 and some A G /C(E'), 2/ G U%n) and x ^ [/^'n), where U^A-n) C 7% C 7. The following result is due to Professor S. Argyros, who permitted us to inlcude it in our paper. PROOF. We prove the result for Talagrand compact sets. The case of Gulko compact sets follows from similar arguments. Since K is Talagrand compact CiK) endowed with the weak topology is K-analytic hence there exists a family {La:a G E} of weakly compact sets of C(K) ordered as the irrationals (i.e. o < o', La C La>) andlUs^ = C(K).
In the sequel, for 7 G T, /k1: E[0, l]r -> [0,1] denotes the usual projection on the 7-coordinate. We also denote by rCT the set {7 G T: 7r7|K g La}.
CLAIM. For every subset E of T there exists a partition {En}n<bJ of E so that the set {71^|K:7 G TaC\En} is weakly discrete and has as a unique weak limit point the element 0 G CiK).
Assume that the claim has been proved. Then we finish the proof of the theorem in the following way.
For E = F we get a sequence {Tn}n<UJ satisfying the claim and set An = Ufc=i ^fe and ^(cr,n) = rCT fl An. The set E x N which is homeomorphic to E and it is obvious that if ia,n) < (a',m) then r(ffin) C r((T»im).
Finally, let x G K. Then x|r(ff)tl) G Co (r (<,_")). Indeed, if this is not the case there exists an infinite sequence {7k}k<oj in ^(a,n) with |7r7K(x)| > 9 > 0, which contradicts our assumption that {7r-yK|K}K<w converges weakly to zero.
PROOF OF THE CLAIM. We assume that |r| = wiK) and we prove the claim using transfinite induction on the cardinality of the subsets A of T. It is clear that the claim is true for all A C T with |A| = w.
Consider a < \T\ and assume that for all (3 < a the inductive hypothesis is satisfied.
The following lemma is contained in [16, Lemma 6 .25].
LEMMA. For a compact subset K o/E([0, l]r), there exists an increasing family Tx CF2 C ■■■ CT(.C ■■■ CTT =T iwhere \T\ = r) with |r4| < r for £ < r, and r" = Up<n T? for ^mit n < t, such that for all £ < r and x G K, x|Tj G K.
Consider a subset A of T with |A| = a > ui. From the above lemma there exists a "long" sequence {r^}^<Q satisfying the conclusion. We set E$ = (rj+i\r^)n A.
Clearly we have \E^\ < a, {Jc<a E^ = A. From the inductive hypothesis for every £ < a there exists a partition {En}n<LJ of E^ such that for every infinite sequence {*1n}n<u, in E^ D Ta the sequence {7r7JK}n<w converges to zero. For each n G N we set An = \Jc<aE?. We show that the set {71^^:7 G An fl TCT} contains only weakly null infinite sequences.
Assume not. Then there exists an infinite sequence {irln\K}n<ul weakly converging to some / G CiK) with /(x0) ^ 0 for some x0 G K.
It is easy to see that the function / depends only on the set {7n}n<uj (i-e. for
x, y G K with x(7") = 2/(7n) for all n G w we have /(x) = /(j/))-The continuity of / implies that there exists a basic open neighborhood U of xo depending on a finite subset A of {Yk}k<u> so that /(j/) ^ 0 for all y G U H K.
Notice also that for all £ < a, E? fl {in}n<u> is at most finite. Hence we may assume that E1} fl {7n}n<w contains at most one element. Therefore the sequence {ln}n<u> has the form {7n(£n)}n<uj for an increasing sequence {£n}n<w, such that
Eln{ln}n<u, = {1xi£x)}-
We set no = sup{n:7" G A}. Then for the element y = x\T^n we have that 2/ G U fl K, hence f(y) ^ 0. On the other hand, for every n > no, ^lniv) = 0 therefore /(j/) = limK-oo ^YKiv) = 0. This is a contradiction which completes the proof of the Theorem.
REMARK. Following the arguments of the proof of the above theorem one could show the next result:
If K is a compact subset of the space E[0, l]r and A is a subset of T so that the set {7r^|K:7 G A} is relatively weakly compact then there exists a partition {An}n<u of A so that for each n G N and each infinite sequence {7n}n<w in A", the sequence {7r7n |K: n G N} is weakly null.
Functional analytic consequences.
The main results of this section are: some characterizations of WCD (and weakly K-analytic) Banach spaces E using operators from E* into Ci(X), where X is countably determined (Theorems 4.1,  4.2) , a result on the strict convexity of Ci(X) (Theorem 4.5) and some (mainly geometrical) applications of the above (Theorem 4.8). (c) If t = dimF and a is the least cardinal such that t < 2a, then there is a bounded linear one-to-one operator T:E* -> Ci(E x {0, l}a), that is weak* to pointwise continuous.
(d) There exists a bounded linear one-to-one operator T:E* -> Ci(F), that is weak* to pointwise continuous, for some K-analytic space Y.
The next theorem is known (Talagrand [21, Theorem 7.2]). We include it here because it is a direct consequence of Theorem 4.1 (see also [18, 19] ). For every countably determined space X, the Banach space Ci(X) admits an equivalent strictly convex norm ||| • |||, that is pointwise lower semicontinuous inarnely, for every r > 0 the closed r-ball of (Ci(X),||| -HI) is a pointwise closed set).
Before the proof of this theorem we shall present some applications. We notice that the proof of the above corollary is simple but uses some nontrivial results. For another direct proof we refer to [15] , where we attempt a classification of Banach spaces of the form Ci (M) where M is a separable metric space.
A much stronger result than Theorem 4.6(a) follows using the complete strength of Theorem 4.1. First, we recall that a norm || • || of a Banach space E is said to be: For every / G E*, set |||/||| = ||/|| + |||T(/)|||. It is easily seen by the above that the mapping ||| • |||: E* -> [0, +00) defines an equivalent strictly convex norm on E* that is weak* lower semicontinuous.
So by standard results [ [12, Theorem 7] applies to E. REMARK. Using Theorem 4.8 we have a negative answer to the following problem of J. Lindenstrauss [13, problem 9] . If a Banach space E admits an equivalent smooth norm, is then E a subspace of a WCG Banach space? Consider a Gulko compact space K that is not Eberlein compact [20, 21] . Then CiK) is a WCD Banach space and so by Theorem 4.8 admits an equivalent smooth norm. But CiK) is not isomorphic to a subspace of any WCG Banach; otherwise K would be an Eberlein compact space, by a result of Benyamini, Rudin, and Wage [4] .
It must be noted that Johnson and Lindenstrauss first constructed such an example [11] , which is not however a WCD Banach space.
The rest of this section is devoted to the proof of Theorem 4.5. We shall use the following two lemmas. (ii) Assume that the assertion is not valid and let t = (x, y) G M X K such that for some s > 0, f(V x K\{t}) % (-£,e) for every open set V in M such that t G V x K. Then we can easily find a sequence tn -ixn,yn), n G ui, such that t0 = t, tn $. {t0,tx,-..,tn-x}, xn -> x and |/(t")| > e. We set A = {xn:n < ui} U {x} and observe that {tn: n < u} is an infinite subset of the compact Ax K and |/(£n)| > e for n < w, a contradiction.
LEMMA 4.11. For every countably determined space X there exist a separable metric space M, a compact space K and a linear isometry T: Ci(X) -► Ci(M x K) that is continuous for the topology of pointwise convergence.
PROOF. Let F be a closed subset of a product MxK,
where M is a separable metric space and K a compact space, such that there exists /: F -> X continuous onto. Choose Z C F such that f\Z is one-to-one and /(Z) = X. Then for every AC X with A' = 0, we have (/_1(A)nZ)' = 0. Indeed, let fi be a compact subset of M x K and set B = /_1(A) H Z. Then /(B n fi) is a relatively compact subset License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use of A and so |Snfi| = |/(Bnfi)| < w. Thus by Lemma 4.10(a), xb GCi(MxK), that is, B' = 0. Now, by the above, the mapping T:CxiX)^CxiMxK) with T(g)(t) = { J'(/(t))j j*| has the desired properties.
PROOF OF THEOREM 4.5. Using the fact that strict convexity is preserved by closed linear subspaces, it suffices by Lemma 4.11 to prove the theorem when X = MxK.
For an infinite set T and for every / G Z°°(r) we set i\°° 1 I'7' ) D(f) = sup < ^ ^l/l5")!2 : iSn)neu Q T one-to-one sequence > .
It is an easy (and known) fact that this formula defines a norm equivalent with the supremum norm of /°°(r).
Let (Z7")nSw be a countable base for the topology of M with Uq -M. Set Gn = UnxK, n = 0,1,2,....
For every / G Ci(M x K) we set <pn(/) = D(/|G"),n = 0,1,2,... and -1 1/2 *(/)= E(\y^if)2 .
It is not hard to see that the mapping Nx:Ci(M x K) -> R is a pointwise lower semicontinuous norm on Ci (M x K) equivalent with the supremum norm. We shall prove that Nx is a strictly convex norm. For this purpose, let /, g G Ci (M x K) such that Nx (/) = Nt (g) and Nt (/ + g) = Xx (/) + Nx (g). It is enough to prove that / = g (see Definition 4.4) . We have that Nxif + g) = ll{(^)V,(/ + ff)}||2 < ||{(^)Vi(/) + a,W<?)}||2 <\my^(f)}h+\mv^(9)}h = Nxif) + Nxig) = Nxif + g), so we have equalities. It follows from the strict convexity of the /2-norm that (1) {p3if + g) = wif) + <pj(g) and <?,■(/) = Vj(g), j = 0,1,2,...}.
Let t G M x K and suppose that f(t) ^ 0 (the proof is similar when g(t) / 0). It follows immediately from Lemma 4.10(b)(ii) that there exists no G w such that: 
